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We report on the ﬁrst calculation of next-to-next-to-leading order (NNLO) QCD corrections to the 
inclusive production of Z-boson pairs at hadron colliders. Numerical results are presented for pp
collisions with centre-of-mass energy (
√
s) ranging from 7 to 14 TeV. The NNLO corrections increase 
the NLO result by an amount varying from 11% to 17% as 
√
s goes from 7 to 14 TeV. The loop-induced 
gluon fusion contribution provides about 60% of the total NNLO effect. When going from NLO to NNLO 
the scale uncertainties do not decrease and remain at the ±3% level.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.The production of vector-boson pairs is a crucial process for 
physics studies within and beyond the Standard Model (SM). In 
particular the production of Z -boson pairs is an irreducible back-
ground for Higgs boson production and new-physics searches. 
Various measurements of Z Z hadroproduction have been carried 
out at the Tevatron and the LHC (for some recent results see 
Refs. [1–6]).
The theoretical efforts for a precise prediction of Z Z produc-
tion in the Standard Model started more than 20 years ago, with 
the ﬁrst NLO QCD calculations [7,8] with stable Z bosons. The lep-
tonic decays of the Z bosons were then added, initially neglecting 
spin correlations in the virtual contributions [9]. The computation 
of the relevant one-loop helicity amplitudes [10] allowed complete 
NLO calculations [11,12] including spin correlations and off-shell 
effects. The loop-induced gluon fusion contribution, which is for-
mally next-to-next-to-leading order (NNLO), has been computed 
in Refs. [13,14]. The corresponding leptonic decays have been in-
cluded in Refs. [15–17]. Since the gluon-induced contribution is 
enhanced by the gluon luminosity, it is often assumed to provide 
the bulk of the NNLO corrections. NLO predictions for Z Z produc-
tion including the gluon-induced contribution, the leptonic decay 
with spin correlations and off-shell effects have been presented in 
Ref. [18]. The NLO QCD corrections to on-shell Z Z + jet production 
have been discussed in Refs. [19,20], and the electroweak (EW) cor-
rections to Z Z production have been computed in Refs. [21,22].
* Corresponding author.
1 On leave of absence from INFN, Sezione di Firenze, Sesto Fiorentino, Florence, 
Italy.http://dx.doi.org/10.1016/j.physletb.2014.06.056
0370-2693/© 2014 The Authors. Published by Elsevier B.V. This is an open access article
SCOAP3.In this Letter we report on the ﬁrst calculation of the inclusive 
production of on-shell Z -boson pairs at hadron colliders in NNLO 
QCD.
The NNLO computation requires the evaluation of the tree-level 
scattering amplitudes with two additional (unresolved) partons, of 
the one-loop amplitudes with one additional parton, and of the 
one-loop-squared and two-loop corrections to the Born subprocess 
qq¯ → Z Z . All the relevant tree and one-loop matrix elements are 
automatically generated with OpenLoops [23], which implements 
a fast numerical recursion for the calculation of NLO scattering 
amplitudes within the SM. For the numerically stable evaluation 
of tensor integrals we rely on the Collier library [24], which is 
based on the Denner–Dittmaier reduction techniques [25,26] and 
the scalar integrals of [27]. The loop-induced gluon fusion contri-
bution is also obtained with OpenLoops, including ﬁve light-quark 
ﬂavors and massive top-quark loops.2 The SM Higgs boson contri-
bution is also considered. Following the recent computation of the 
relevant two-loop master integrals [28–31] the last missing con-
tribution, the genuine two-loop correction to the Z Z amplitude, 
has been computed by some of us, and will be reported else-
where [32]. In the two-loop correction, contributions involving a 
top-quark loop are neglected. For the numerical evaluation of the 
multiple polylogarithms in the two-loop expressions we employ 
the implementation [33] in the GiNaC [34] library.
2 Consistently with the inclusion of ﬁve active ﬂavors, the renormalisation of 
the QCD coupling αS is performed in the so-called decoupling scheme, where 
top-quark loops are subtracted at zero momentum transfer. In this scheme, the 
qq¯ → Z Zg , qg → Z Zq and q¯g → Z Zq¯ channels receive top-quark contributions only 
via ultraviolet-ﬁnite box diagrams, while the top-quark contributions to the gluon-
ﬁeld and αS counterterms cancel against each other. under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
312 F. Cascioli et al. / Physics Letters B 735 (2014) 311–313The implementation of the various scattering amplitudes in a 
complete NNLO calculation is a highly non-trivial task due to the 
presence of infrared (IR) singularities at intermediate stages of the 
calculation that prevent a straightforward application of numeri-
cal techniques. To handle and cancel these singularities at NNLO 
we employ the qT subtraction method [35]. This approach applies 
to the production of a colourless high-mass system F in generic 
hadron collisions and has been used for the computation of NNLO 
corrections to several hadronic processes [35–39]. According to the 
qT subtraction method [35], the pp → F + X cross section at NNLO 
can be written as
dσ FNNLO =HFNNLO ⊗ dσ FLO +
[
dσ F+jetNLO − dσ CTNLO
]
, (1)
where dσ F+jetNLO is the cross section for the inclusive production 
of the system F plus one jet at NLO accuracy, and can be eval-
uated with any available version of the NLO subtraction formal-
ism. When the transverse momentum qT of the colourless sys-
tem F is non-vanishing, dσ F+jetNLO is the sole contribution to the 
NNLO cross section. The IR subtraction counterterm dσ CTNLO in 
Eq. (1) has the purpose of cancelling the singularity developed 
by dσ F+jetNLO as qT → 0 and is obtained from the resummation 
of the logarithmically-enhanced contributions to qT distributions 
[40]. The function HFNNLO , which also compensates for the subtrac-
tion of dσ CTNLO , corresponds to the NNLO truncation of the process-
dependent perturbative function
HF = 1+ αS
π
HF (1) +
(
αS
π
)2
HF (2) + . . . . (2)
The NLO calculation of dσ F requires the knowledge of HF (1) , and 
the NNLO calculation also requires HF (2) .
The general structure of HF (1) is known [41]: HF (1) is ob-
tained from the process-dependent scattering amplitudes by us-
ing a process-independent relation. Exploiting the explicit results 
of HF (2) for Higgs [42] and vector-boson [43] production, the 
process-independent relation of Ref. [41] has been extended to 
the calculation of the NNLO coeﬃcient HF (2) [44]. Such results 
have been conﬁrmed with a fully independent calculation of the 
relevant coeﬃcients in the framework of Soft-Collinear Effective 
Theory (SCET) [45,46]. We have performed our NNLO calculation 
for Z Z production according to Eq. (1), starting from a compu-
tation of the dσ Z Z+jetNLO cross section with the dipole-subtraction 
method [47,48]. The numerical calculation employs the generic 
Monte Carlo program that was developed for Ref. [39]. Although 
the qT subtraction method and our implementation are suitable to 
perform a fully exclusive computation of Z Z production including 
the leptonic decays and the corresponding spin correlations, in this 
Letter we restrict ourselves to the inclusive production of on-shell 
Z bosons.
We consider pp collisions with 
√
s ranging from 7 to 14 TeV. 
As for the EW couplings, we use the so-called Gμ scheme, where 
the input parameters are GF , mW , mZ . In particular we use the 
values GF = 1.16639 × 10−5 GeV−2, mW = 80.399 GeV, mZ =
91.1876 GeV. The top mass mt = 173.2 GeV and the Higgs mass 
mH = 125 GeV only enter through the loop-induced gluon fusion 
contribution.3 We use the MSTW 2008 [49] sets of parton distribu-
tions, with densities and αS evaluated at each corresponding order 
(i.e., we use (n + 1)-loop αS at NnLO, with n = 0, 1, 2), and we 
consider N f = 5 massless quark ﬂavors. The default renormaliza-
tion (μR ) and factorization (μF ) scales are set to μR = μF =mZ .
3 Since we consider the production of on-shell Z bosons, the Higgs contribution 
is strongly suppressed, and provides only about 1% to the loop-induced gg → Z Z
cross section.Fig. 1. Z Z cross section at LO (dots), NLO (dashes), NLO+ gg (dot dashes) and NNLO 
(solid) as a function of 
√
s. The ATLAS and CMS experimental results at 
√
s = 7 TeV
and 
√
s = 8 TeV are also shown for comparison [3–6]. The lower panel shows the 
NNLO and NLO + gg results normalized to the NLO prediction.
The corresponding LO, NLO and NNLO cross sections as a func-
tion of 
√
s are reported in Fig. 1. For comparison, we also show 
the NLO result supplemented with the loop-induced gluon fusion 
contribution (“NLO + gg”) computed with NNLO PDFs. The lower 
panel in Fig. 1 shows the NNLO and NLO + gg predictions normal-
ized to the NLO result. The NLO corrections increase the LO result 
by about 45%. The impact of NNLO corrections with respect to the 
NLO result ranges from 11% (
√
s = 7 TeV) to 17% (√s = 14 TeV). 
Using NNLO PDFs throughout, the gluon fusion contribution pro-
vides between 58% and 62% of the full NNLO correction. We ﬁnd 
that the one-loop diagrams involving a top quark provide a contri-
bution which is only few per mille of the full NNLO cross section. 
Since the quantitative impact of the two-loop diagrams with a light 
fermion loop is extremely small, we estimate that the neglected 
two-loop diagrams involving a top-quark contribute well below the 
per mille level.
The theoretical predictions can be compared to the ATLAS 
and CMS measurements [3–6] carried out at 
√
s = 7 TeV and √
s = 8 TeV, which are also shown in the plot. We see that the 
experimental uncertainties are still relatively large and that the 
ATLAS and CMS results are compatible with both the NLO and 
NNLO predictions. The only exception is the ATLAS measurement 
at 
√
s = 8 TeV [5], which seems to prefer a lower cross section. 
The comparison between our predictions and the experimental re-
sults, however, should be interpreted with care. First, we point out 
that the LHC experiments obtain their Z Z production cross section 
from four-lepton production using an interval in dilepton invariant 
masses around the Z boson mass, thus not including some contri-
bution from far off-shell Z bosons. Then, EW corrections are not 
included in our calculation, and are expected to provide a negative 
contribution to the inclusive cross section [21].
In Table 1 we report the LO, NLO and NNLO cross sections and 
scale uncertainties, evaluated by varying μR and μF simultane-
ously and independently in the range 0.5mZ < μR , μF < 2mZ with 
the constraint 0.5 < μF /μR < 2. From Table 1 we see that the 
scale uncertainties are about ±3% at NLO and remain of the same 
order at NNLO. We also see that the NLO scale uncertainty does 
not cover the NNLO effect. This is not unexpected since the gluon 
fusion channel, which provides a rather large contribution, opens 
up only at NNLO.
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Inclusive cross section for Z Z production at the LHC at LO, NLO and NNLO with 
μF = μR =mZ . The uncertainties are obtained by varying the renormalization and 
factorization scales in the range 0.5mZ < μR , μF < 2mZ with the constraint 0.5 <
μF /μR < 2.
√
s (TeV) σLO (pb) σNLO (pb) σNNLO (pb)
7 4.167+0.7%−1.6% 6.044
+2.8%
−2.2% 6.735
+2.9%
−2.3%
8 5.060+1.6%−2.7% 7.369
+2.8%
−2.3% 8.284
+3.0%
−2.3%
9 5.981+2.4%−3.5% 8.735
+2.9%
−2.3% 9.931
+3.1%
−2.4%
10 6.927+3.1%−4.3% 10.14
+2.9%
−2.3% 11.60
+3.2%
−2.4%
11 7.895+3.8%−5.0% 11.57
+3.0%
−2.4% 13.34
+3.2%
−2.4%
12 8.882+4.3%−5.6% 13.03
+3.0%
−2.4% 15.10
+3.2%
−2.4%
13 9.887+4.9%−6.1% 14.51
+3.0%
−2.4% 16.91
+3.2%
−2.4%
14 10.91+5.4%−6.7% 16.01
+3.0%
−2.4% 18.77
+3.2%
−2.4%
We have reported the ﬁrst calculation of the inclusive cross 
section for the production of on-shell Z -boson pairs at the LHC 
up to NNLO in QCD perturbation theory. The NNLO corrections in-
crease the NLO result by an amount varying from 11% to 17% as √
s ranges from 7 to 14 TeV. The loop-induced gluon fusion contri-
bution provides more than half of the complete NNLO effect. Our 
calculation of the total cross section is based on the two-loop ma-
trix element for qq¯ → Z Z for on-shell Z bosons. A computation of 
the two-loop helicity amplitudes will open up a spectrum of more 
detailed phenomenological studies at NNLO, including off-shell ef-
fects, differential distributions of the Z boson decay products and 
direct comparison with the experimentally measured ﬁducial cross 
sections.
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